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Two arguments Logical Form

If the program syntax is faulty or if program execution results in
division by zero, then the computer will generate an error message.
Therefore, if the computer does not generate an error message, then
the program syntax is correct and program execution does not result

in division by zero.

If 2 is a real number such that x < —2 or x > 2, then 22 > 4.
Therefore, if 2 < 4, then z > —2 and = < 2.

The content of these arguments is very different. Nevertheless, their

logical form is the same:

If p or q, then r.
Therefore, if not r then not p and not q.
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Identifying Logical Form 1 of 2

Example-1.1.1: Fill in the blanks so that argument (b) has the
same form as argument (a). Then represent the common form of the

arguments using letters to stand for component structures.

Statement A:
If Jane is a math major or Jane is a CS major,
then Jane will take Math 245.

Jane is a CS major.
Therefore, Jane will take Math 245.

Statement B:
If logic is easy or | (will) study hard,

then I will get an A in this course.
| will study hard.

Therefore, | will get an A in this course.
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Identifying Logical Form 2 of 2

Statement A:

If Jane is a math major or Jane is a CS major,
then Jane will take Math 245.

Jane is a CS major.

Therefore, Jane will take Math 245.

Statement B:
If logic is easy or | (will) study hard,

then | will get an A in this course.
| will study hard.

Therefore, | will get an A in this course.

Common Form:
If p or q, then r.
q.

Therefore, r.
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Statements

In any mathematical theory new terms are defined using previously
defined terms. This process has to start somewhere. In logic, the

words sentence, true, and false are initial undefined terms.

Definition: Statement —
A statement (or proposition) is a sentence that is true or false,
but not both.

Examples:
“The square root of 9 is 3.”

“The square root of 9 is 81.”

are both statements, the first one is true, and the second false.
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Non-statements

The sentence:

“She is a college student.”

Sure looks like a statement. However, the truth or falsity depends

on the reference for the pronoun she.

If the sentence was preceded by additional information that made

the pronoun’s reference clear, then the sentence would be a statement.

On its own, the sentence is neither true nor false: hence it is not a

statement (in the language of mathematics).

Similarly “x +vy > 0" is not a statement because the truth or falsity

depends on the values of x and y.
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Compound Statements and Introduction of Symbols 1of 3

In order to express complicated statement clearly, we introduce three

symbols:

The symbol ~ denotes not.
The symbol A denotes and.
The symbol Vv denotes or.

“~p" is read “not p’ and is called the negation of p.

1

Side note: In the computer language C, the symbol for not is “! ",

hence “! p” means “not p" in C.
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Compound Statements and Introduction of Symbols 2 of 3

The conjunction of p and q:

“pAq’ isread “p and q."

The disjunction of p and q:
“pVvq isread “porq.”

The order of evaluation matters — ~ has the highest order of

precedence, e.g.
~pAq=(~p)Aq.

We use parentheses to override and/or clarify the order of operations,

thus “~ (p A q)" represents the negation of the conjunction of p and

g.
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Compound Statements and Introduction of Symbols 3of3

The symbols A and V are considered coequal in order of operation,

and an expression such as
pPpAQVTr

is considered ambiguous.

This expression must be written as either
(PAQ)Vr or pA(qVr)

to have meaning.

Note: The statements (pAq)VrandpA(qVr)are not the same.

We will discuss this in detail soon.
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Translating from English to Symbols

Example-1.1.2: Write each of the following sentences symbolically,

letting p="1it is hot” and q="it is sunny".

(a) “It is not hot but sunny”
(b) “It is neither hot nor sunny”

Solution:
(a) By convention “but” = "and”, so the sentence is equivalent to

“It is not hot and it is sunny’, which we write symbolically as
(~p)Aa.

(b) The phrase “neither A nor B" means the same as “not A and not
B." To say it is neither hot nor sunny means it is not hot and
it is not sunny. Therefore, the given sentence can be written

symbolically as (~p) A (~q).

In both (a) and (b) the parentheses around the negations are optional.
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Translating Mathematical Inequalities to Symbols

Note: the notation for inequalities involves both and and or state-

ments. For instance, if 2. a, and b are particular real numbers, then

r<a means x<a oOr I =a

a<x<b means a<zx and x<b

which expands to

|
S
~—

(a<x or a=x) and (z<b or =x
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More examples

Example-1.1.3: Suppose x is a particular real number. Let
p="0 < 2", q="¢ < 3", and r="z = 3" respectively. Write the

following inequalities symbolically:

(a) <3
(b) 0<x<3
(c) 0<z<3

Solution:

(a) qVvr
(b) PAQ
() pA(aVr)
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Definition and Truth Tables — Negation (not / ~)

Definition: Negation —

If p is a statement variable, the negation of p is “not p" or “It is
not the case that p’. The negation is denoted (~p). It has the
opposite truth value from p: if p is true, then “not p" is false; if p

is false, then “not p" is true.

The truth values for negation are summarized in a truth table:

p | ~p
T| F
FI T

Truth table for ~ p.
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Definition and Truth Tables — Conjunction (and / A)

Definition: Conjunction —
If p and ¢ are statement variables, the conjunction of p and ¢ is
“p and ¢'. The conjunction is denoted p A ¢. It is true when, and

only when, both p and ¢ are true. If either p or ¢ is false, or if

both are false, then p A ¢ is false.

p/Ag

m = 4T
— M |

A
T
F
F
F

F F

Truth table for p A gq.
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Definition and Truth Tables — Disjunction (or / V)

Definition: Disjunction —
If p and ¢ are statement variables, the disjunction of p and ¢ is
“porq’. The disjunction is denoted pV ¢q. It is true when at least

one of p and ¢ is true and false only when both p or ¢ are false.

m T
— M =<

m 4 4 =<

F F

Truth table for pV gq.

Note that disjunction is an inclusive or (its truth value is t r ue when
both p and q are t r ue).
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Definition and Truth Tables — Exclusive Or

We can express exclusive or as a compound statement: For the
statement variables p and ¢, we want an expression which is true if

exactly one of p or q is true and false otherwise.

p q | pVqg|pAg| ~({@Ag) | (PVgA~(pAq)
T T T T F F
T F| T F T T
F T T F T T
F F| F F T F

Sometimes we use the notation p @ ¢ for exclusive-or.
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General Compound Statements

Definition: Statement form —

A statement form (or propositional form) is an expression made
up of statement variables (such as p, ¢, and r) and logical con-
nectives (such as ~, A, and V) that becomes a statement when
actual statements are substituted for the component statement
variable. The truth table for a given statement form displays the
truth values that correspond to the different combinations of truth

values for the variables.

To compute the truth values for a statement form: For each combi-
nation of truth values for the statement variables, first evaluate the
expressions within the innermost parentheses, then evaluate the ex-
pressions within the next innermost parentheses, and so forth until

you have the truth values for the complete expression.
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Example: Truth Table for (pAg) VvV ~r

p g r || (pNg ~7 | (PAg) Vo
T T T T F T
T T F| T T T
T F T| F F F
T F F| F T T
F T T| F F F
F T F| F T T
F F T| F F F
FF F| F T T
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Logical Equivalence

The statements
8>3 and 3<8

are two different ways of saying the same thing (by the definition of
< and >).

The statements
“Pigs fly and cats bark” and  “Cats bark and pigs fly"

are also two different ways of saying the same thing. The reason is

the logical form of the statement.
Any two statements having the same form as these statements would

either be both true or both false. In such a case the statements are

said to be logically equivalent.

The Logic of Compound Statements: Logical Form and Logical Equivalence — p. 19/29



Logical Equivalence — Truth Table

The expressions p A q and g A p are logically equivalent:

p/Ag gAp

L s B I

q N A
T T T
F F F
T F F
F F F

Since the p A ¢ and ¢ A p columns in the table have the same values,
the statements are logically equivalent.
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Logical Equivalence — Definition

Definition: Logical equivalence —

Two statement forms are called logically equivalent if, and only
if, they have identical truth values for each possible substitution of
statements for their statement variables. The logical equivalence
of forms P and @ is denoted by writing P = ().

Two statements are called logically equivalent if, and only if,
when the same statement variables are used to represent identical

component statements, their forms are logically equivalent.
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Checking for Logical Equivalence

To test whether two statement forms P and Q are logically equivalent:

(1) Construct the truth tables for P and Q using the same statement

variables for identical component statements.

(2) Check each combination of truth values of the statement vari-
ables to see whether the truth value of P is the same as the truth

value of Q.

(a) If in each row, the truth value for P is the same as the

truth value for Q, then P and Q are logically equivalent.

(b) Otherwise P and Q are not logically equivalent.
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De Morgan’s Laws: Negations of AND and OR

For the statement “John is tall and Jim is short” to be true, both

components must be true. It follows that for the statement to be
false, one or both components must be false.

Thus the negation is “John is not tall or Jim is not short.”

In general, the negation of a conjunction is logically equivalent to the

disjunction of their negations:

~(pNq) = ~p V~gq
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De Morgan's Laws — Truth Table for AND

p q|~p ~q pAq| ~(pANq ~pV~q
T T| F F T F F
T F| F T F T T
F T| T F F T T
F F| T T F T T

This shows that ~(pAq) = ~p V~q.
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De Morgan's Laws — Truth Table for OR

p q|~p ~q pVq| ~(pVqey ~pA~q
T T| F F T F F
T F| F T T F F
F T| T F T F F
F F| T T F T T

This shows that ~(pV¢q) = ~p A~q.
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De Morgan's Laws — A Warning

According to De Morgan’s Laws, the negation of

p - Jimis tall and Jim is thin

~p : Jimis not tall or Jim is not thin

In English we can write the statement p more compactly as “Jim is
tall and thin"...
g : Jimis tall and thin

~q : Jimis not tall and thin
The problem here is that we do not have complete statements on
both sides of the AND.

Although the laws of logic are extremely useful, they should be
used as an aid to thinking, not as a mechanical substitute for
it.
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Tautologies and Contradictions

Definition: Tautology and Contradiction —

A tautology is a statement form that is always true regardless
of the truth values of the individual statements substituted for its
statement variables. A statement whose form is a tautology is
called a tautological statement.

A contradiction is a statement form that is always false regardless
of the truth values of the individual statements substituted for its
statement variables. A statement whose form is a contradiction is

called a contradictory statement.
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Tautologies and Contradictions

Example:

p|~p|pV~p | pA~p
T| F T F
FIT T F

Hence pV ~ p is a tautology, and p A ~ p a contradiction.
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Logical Equivalences

Given any statement variables p, ¢ and r, a tautology ¢ and a

contradiction ¢, the following equivalences hold:

Commutative laws PAGg=qADp pNVqg=qVp

Associative laws (pAg) AT =pA(gAT) (pVqg)Vr=pV(qVr)

Distributive laws pA(gVr)=(@AgV(pAr) pVighr)=(pVqeg A(pVr)

|dentity laws pAt=p pVc=p
Negation laws pVe~p =t PA~D = c
Double negative law  ~(~p) =p

|ldempotent laws PAD =D pVp=p

De Morgan's laws

~(pANg) = ~pVrgq

~(pVg) =~pAr~gq

Universal bound laws pVi =1t pAc=c
Absorption laws pV(pAqg) =p pA(pVaq) =p
Negations of t and ¢ ~t =c¢ ~c=t
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