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Two arguments Logi
al Form

If the program syntax is faulty or if program exe
ution results indivision by zero, then the 
omputer will generate an error message.Therefore, if the 
omputer does not generate an error message, thenthe program syntax is 
orre
t and program exe
ution does not resultin division by zero.

If x is a real number su
h that x < −2 or x > 2, then x2 > 4.Therefore, if x2 ≤ 4, then x ≥ −2 and x ≤ 2.

The 
ontent of these arguments is very di�erent. Nevertheless, theirlogi
al form is the same:
If p or q, then r.Therefore, if not r then not p and not q.
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Identifying Logi
al Form 1 of 2Example-1.1.1: Fill in the blanks so that argument (b) has thesame form as argument (a). Then represent the 
ommon form of thearguments using letters to stand for 
omponent stru
tures.

Statement A:If Jane is a math major or Jane is a CS major,then Jane will take Math 245.Jane is a CS major.Therefore, Jane will take Math 245.

Statement B:If logi
 is easy or I (will) study hard ,then I will get an A in this 
ourse.I will study hard.Therefore, I will get an A in this 
ourse.
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Identifying Logi
al Form 2 of 2Statement A:If Jane is a math major or Jane is a CS major,then Jane will take Math 245.Jane is a CS major.Therefore, Jane will take Math 245.Statement B:If logi
 is easy or I (will) study hard,then I will get an A in this 
ourse.I will study hard.Therefore, I will get an A in this 
ourse.Common Form:If p or q, then r.q.Therefore, r.
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StatementsIn any mathemati
al theory new terms are de�ned using previouslyde�ned terms. This pro
ess has to start somewhere. In logi
 , thewords senten
e, true, and false are initial unde�ned terms.

De�nition: Statement �A statement (or proposition) is a senten
e that is true or false,but not both.
Examples:�The square root of 9 is 3.��The square root of 9 is 81.�are both statements, the �rst one is true, and the se
ond false.
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Non-statementsThe senten
e:�She is a 
ollege student.�Sure looks like a statement. However, the truth or falsity dependson the referen
e for the pronoun she.If the senten
e was pre
eded by additional information that madethe pronoun's referen
e 
lear, then the senten
e would be a statement.On its own, the senten
e is neither true nor false; hen
e it is not astatement (in the language of mathemati
s).

Similarly �x + y > 0� is not a statement be
ause the truth or falsitydepends on the values of x and y.
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Compound Statements and Introdu
tion of Symbols 1 of 3In order to express 
ompli
ated statement 
learly, we introdu
e threesymbols:
The symbol ∼ denotes not.The symbol ∧ denotes and.The symbol ∨ denotes or.

�∼p� is read �not p� and is 
alled the negation of p.

Side note: In the 
omputer language C, the symbol for not is �!�,hen
e �!p � means �not p� in C.
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Compound Statements and Introdu
tion of Symbols 2 of 3The 
onjun
tion of p and q:�p∧q� is read �p and q.�

The disjun
tion of p and q:�p∨q� is read �p or q.�

The order of evaluation matters � ∼ has the highest order ofpre
eden
e, e.g.

∼p∧q = (∼p)∧q.

We use parentheses to override and/or 
larify the order of operations,thus �∼ (p∧q)� represents the negation of the 
onjun
tion of p andq.
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Compound Statements and Introdu
tion of Symbols 3 of 3The symbols ∧ and ∨ are 
onsidered 
oequal in order of operation,and an expression su
h as p∧q∨ ris 
onsidered ambiguous.

This expression must be written as either(p∧q)∨ r or p∧ (q∨ r)to have meaning.

Note: The statements (p∧q)∨ r and p∧ (q∨ r) are not the same.We will dis
uss this in detail soon.
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Translating from English to SymbolsExample-1.1.2: Write ea
h of the following senten
es symboli
ally,letting p=�it is hot� and q=�it is sunny�.(a) �It is not hot but sunny�(b) �It is neither hot nor sunny�Solution:(a) By 
onvention �but� = �and�, so the senten
e is equivalent to�It is not hot and it is sunny�, whi
h we write symboli
ally as(∼p)∧q.(b) The phrase �neither A nor B� means the same as �not A and notB.� To say it is neither hot nor sunny means it is not hot andit is not sunny. Therefore, the given senten
e 
an be writtensymboli
ally as (∼p)∧ (∼q).In both (a) and (b) the parentheses around the negations are optional.
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Translating Mathemati
al Inequalities to SymbolsNote: the notation for inequalities involves both and and or state-ments. For instan
e, if x. a, and b are parti
ular real numbers, then
x ≤ a means x < a or x = a

a ≤ x ≤ b means a ≤ x and x ≤ bwhi
h expands to(a < x or a = x) and (x < b or x = b)
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More examplesExample-1.1.3: Suppose x is a parti
ular real number. Letp=�0 < x�, q=�x < 3�, and r=�x = 3� respe
tively. Write thefollowing inequalities symboli
ally:

(a) x ≤ 3(b) 0 < x < 3(
) 0 < x ≤ 3

Solution:
(a) q∨ r(b) p∧q(
) p∧ (q∨ r)
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De�nition and Truth Tables � Negation (not / ∼ )

De�nition: Negation �If p is a statement variable, the negation of p is �not p� or �It isnot the 
ase that p�. The negation is denoted (∼ p). It has theopposite truth value from p: if p is true, then �not p� is false; if pis false, then �not p� is true.

The truth values for negation are summarized in a truth table:

p ∼ pT FF TTruth table for ∼ p.
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De�nition and Truth Tables � Conjun
tion (and / ∧ )

De�nition: Conjun
tion �If p and q are statement variables, the 
onjun
tion of p and q is�p and q�. The 
onjun
tion is denoted p∧ q. It is true when, andonly when, both p and q are true. If either p or q is false, or ifboth are false, then p∧ q is false.
p q p∧ qT T TT F FF T FF F FTruth table for p∧ q.
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De�nition and Truth Tables � Disjun
tion (or / ∨ )

De�nition: Disjun
tion �If p and q are statement variables, the disjun
tion of p and q is�p or q�. The disjun
tion is denoted p∨ q. It is true when at leastone of p and q is true and false only when both p or q are false.

p q p∨ qT T TT F TF T TF F FTruth table for p∨ q.Note that disjun
tion is an in
lusive or (its truth value is true whenboth p and q are true).
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De�nition and Truth Tables � Ex
lusive OrWe 
an express ex
lusive or as a 
ompound statement: For thestatement variables p and q, we want an expression whi
h is true ifexa
tly one of p or q is true and false otherwise.
p q p∨ q p∧ q ∼ (p∧ q) (p∨ q)∧∼ (p∧ q)T T T T F FT F T F T TF T T F T TF F F F T FSometimes we use the notation p⊕ q for ex
lusive-or.
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General Compound Statements

De�nition: Statement form �A statement form (or propositional form) is an expression madeup of statement variables (su
h as p, q, and r) and logi
al 
on-ne
tives (su
h as ∼ , ∧ , and ∨ ) that be
omes a statement whena
tual statements are substituted for the 
omponent statementvariable. The truth table for a given statement form displays thetruth values that 
orrespond to the di�erent 
ombinations of truthvalues for the variables.

To 
ompute the truth values for a statement form: For ea
h 
ombi-nation of truth values for the statement variables, �rst evaluate theexpressions within the innermost parentheses, then evaluate the ex-pressions within the next innermost parentheses, and so forth untilyou have the truth values for the 
omplete expression.
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Example: Truth Table for (p∧ q)∨∼ r

p q r (p∧ q) ∼ r (p∧ q) ∨∼ rT T T T F TT T F T T TT F T F F FT F F F T TF T T F F FF T F F T TF F T F F FF F F F T T
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Logi
al Equivalen
eThe statements

8 > 3 and 3 < 8are two di�erent ways of saying the same thing (by the de�nition of
< and >).

The statements�Pigs �y and 
ats bark� and �Cats bark and pigs �y�are also two di�erent ways of saying the same thing. The reason isthe logi
al form of the statement.

Any two statements having the same form as these statements wouldeither be both true or both false. In su
h a 
ase the statements aresaid to be logi
ally equivalent.

The Logic of Compound Statements: Logical Form and Logical Equivalence – p. 19/29



Logi
al Equivalen
e � Truth TableThe expressions p∧ q and q ∧ p are logi
ally equivalent:
p q p∧ q q ∧ pT T T TT F F FF T F FF F F FSin
e the p∧ q and q ∧ p 
olumns in the table have the same values,the statements are logi
ally equivalent.
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Logi
al Equivalen
e � De�nition

De�nition: Logi
al equivalen
e �Two statement forms are 
alled logi
ally equivalent if, and onlyif, they have identi
al truth values for ea
h possible substitution ofstatements for their statement variables. The logi
al equivalen
eof forms P and Q is denoted by writing P ≡ Q.Two statements are 
alled logi
ally equivalent if, and only if,when the same statement variables are used to represent identi
al
omponent statements, their forms are logi
ally equivalent.
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Che
king for Logi
al Equivalen
eTo test whether two statement forms P and Q are logi
ally equivalent:

(1) Constru
t the truth tables for P and Q using the same statementvariables for identi
al 
omponent statements.(2) Che
k ea
h 
ombination of truth values of the statement vari-ables to see whether the truth value of P is the same as the truthvalue of Q.
(a) If in ea
h row, the truth value for P is the same as thetruth value for Q, then P and Q are logi
ally equivalent.(b) Otherwise P and Q are not logi
ally equivalent.
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De Morgan's Laws: Negations of AND and ORFor the statement �John is tall and Jim is short� to be true, both
omponents must be true. It follows that for the statement to befalse, one or both 
omponents must be false.

Thus the negation is �John is not tall or Jim is not short.�

In general, the negation of a 
onjun
tion is logi
ally equivalent to thedisjun
tion of their negations:
∼ (p∧ q) ≡ ∼ p ∨∼ q
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De Morgan's Laws � Truth Table for AND
p q ∼ p ∼ q p∧ q ∼ (p∧ q) ∼ p ∨∼ qT T F F T F FT F F T F T TF T T F F T TF F T T F T T

This shows that ∼ (p∧ q) ≡ ∼ p ∨∼ q.
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De Morgan's Laws � Truth Table for OR
p q ∼ p ∼ q p∨ q ∼ (p∨ q) ∼ p ∧∼ qT T F F T F FT F F T T F FF T T F T F FF F T T F T T

This shows that ∼ (p∨ q) ≡ ∼ p ∧∼ q.
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De Morgan's Laws � A WarningA

ording to De Morgan's Laws, the negation of
p : Jim is tall and Jim is thin

∼ p : Jim is not tall or Jim is not thin

In English we 
an write the statement p more 
ompa
tly as �Jim istall and thin�...

q : Jim is tall and thin
∼ q : Jim is not tall and thinThe problem here is that we do not have 
omplete statements onboth sides of the AND.

Although the laws of logi
 are extremely useful, they should beused as an aid to thinking, not as a me
hani
al substitute forit.
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Tautologies and Contradi
tions

De�nition: Tautology and Contradi
tion �A tautology is a statement form that is always true regardlessof the truth values of the individual statements substituted for itsstatement variables. A statement whose form is a tautology is
alled a tautologi
al statement.A 
ontradi
tion is a statement form that is always false regardlessof the truth values of the individual statements substituted for itsstatement variables. A statement whose form is a 
ontradi
tion is
alled a 
ontradi
tory statement.
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Tautologies and Contradi
tionsExample:

p ∼ p p∨∼ p p∧∼ pT F T FF T T F

Hen
e p∨∼ p is a tautology, and p∧∼ p a 
ontradi
tion.
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Logi
al Equivalen
esGiven any statement variables p, q and r, a tautology t and a
ontradi
tion c, the following equivalen
es hold:

Commutative laws p∧ q ≡ q∧ p p∨ q ≡ q ∨ pAsso
iative laws (p∧ q)∧ r ≡ p∧ (q∧ r) (p∨ q)∨ r ≡ p∨ (q∨ r)Distributive laws p∧ (q∨ r) ≡ (p∧ q)∨ (p∧ r) p∨ (q∧ r) ≡ (p∨ q)∧ (p∨ r)Identity laws p∧ t ≡ p p∨ c ≡ pNegation laws p∨∼ p ≡ t p∧∼ p ≡ cDouble negative law ∼ (∼ p) ≡ pIdempotent laws p∧ p ≡ p p∨ p ≡ pDe Morgan's laws ∼ (p∧ q) ≡ ∼ p∨∼ q ∼ (p∨ q) ≡ ∼ p∧∼ qUniversal bound laws p∨ t ≡ t p∧ c ≡ cAbsorption laws p∨ (p∧ q) ≡ p p∧ (p∨ q) ≡ pNegations of t and c ∼ t ≡ c ∼ c ≡ t
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