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Minimization of Logi
 ExpressionsOne major appli
ation area of logi
 is 
ir
uit design.For many reasons, mostly $$$-related, we want to make our 
ir
uitsas e�
ient as possible.Consider the following logi
ally equivalent statements
(x ∧ y ∧ z) ∨ (x ∧ (∼ y) ∧ z) ≡ (y ∨ (∼ y)) ∧ (x ∧ z)

≡ t ∧ (x ∧ z)

≡ (x ∧ z)

Clearly(?), the expression (x ∧ z) is the most e�
ient representationof this parti
ular statement.In this le
ture we will explore two methods for su
h minimizationof logi
 expressions: � Karnaugh maps (K-maps), and the Quine-M
Cluskey method.
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K-mapsK-maps is a graphi
al method for minimizing logi
 expressions (byhand). K-maps are suited for expressions 
ontaining no more than sixstatement variables.

We 
onsider an expression with two statement variables x, and y.There are four possible and/not �minterms� of x, and y:
x ∧ y, x ∧ (∼ y), (∼ x) ∧ y, (∼ x) ∧ (∼ y)A K-map in these variables 
onsists of four 
ells

∼ y ∼ y

x

∼ xwhere a 1 is pla
ed in a 
ell if that �minterm� is part of the expression.
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K-maps First ExamplesThe K-maps for(a) (x ∧ y) ∨ ((∼ x) ∧ y),(b) (x ∧ (∼ y)) ∨ ((∼ x) ∧ y), and(
) (x ∧ (∼ y)) ∨ ((∼ x) ∧ y) ∨ ((∼ x) ∧ (∼ y) are given by:

∼ y ∼ y

x 1

∼ x 1

∼ y ∼ y

x 1

∼ x 1

∼ y ∼ y

x 1

∼ x 1 1(a) (b) (
)Whenever two adja
ent 
ells in the K-map have 1s; the mintermsrepresenting these 
ells 
an be 
ombined into an expression involvingjust one of the variables.
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K-maps, Simpli�
ation First Examples

~x

y ~y

x 1

1 ~x

y ~y

x

1

1

~x

y ~y

x

1

1

1

(a) (b) (
)

The ea
h blo
k in the K-maps above redu
e to one expression, sothat the simpli�ed expressions are(a) y(b) (x ∧ (∼ y)) ∨ ((∼ x) ∧ y)(
) (∼ x) ∨ (∼ y)
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K-maps in Three Variables

~x

x

yz (~y)(~z) (~y)zy(~z)

In three variables we set up a 4×2 re
tangle of 8 
ells.Adja
ent 
ells should di�er in only one statement variable.The left-most and right-most 
ells should be 
onsidered adja
ent(think of wrapping the strip around a 
ylinder).Notation: Here yz represents (y ∧ z), and a 1 in the upper left 
ell
orresponds to the three-variable minterm (x ∧ y ∧ z).
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K-maps in Three Variables Rules 1/5
~x

x

yz (~y)(~z) (~y)zy(~z)

(x ∧ (∼ y) ∧ (∼ z)) ∨ ((∼ x) ∧ (∼ y) ∧ (∼ z)) ≡ (∼ y) ∧ (∼ z)

Two adja
ent 
ells represent two three-variable minterms, whi
h 
anbe redu
ed to a two-variable term.
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K-maps in Three Variables Rules 2/5

~x

x

yz (~y)(~z) (~y)zy(~z)

((∼ x) ∧ (∼ y) ∧ z) ∨ ((∼ x) ∧ y ∧ z) ≡ (∼ x) ∧ z

Two adja
ent 
ells represent two three-variable minterms, whi
h 
anbe redu
ed to a two-variable term. (Note that due to wrap-aroundthe two high-lighted 
ells are 
onsidered to be adja
ent.)
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K-maps in Three Variables Rules 3/5

~x

x

yz (~y)(~z) (~y)zy(~z)

(x ∧ y ∧ (∼ z)) ∨ (x ∧ (∼ y) ∧ (∼ z))∨

((∼ x) ∧ y ∧ (∼ z)) ∨ ((∼ x) ∧ (∼ y) ∧ (∼ z)) ≡ ∼ z

A 2×2-blo
k of 
ells represents 4 minterms whi
h 
an be redu
ed toa single variable.
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K-maps in Three Variables Rules 4/5
~x

x

yz (~y)(~z) (~y)zy(~z)

((∼ x) ∧ y ∧ z) ∨ ((∼ x) ∧ y ∧ (∼ z))∨

((∼ x) ∧ (∼ y) ∧ (∼ z)) ∨ ((∼ x) ∧ (∼ y) ∧ z) ≡ ∼ x

A 4×1-blo
k of 
ells represents 4 minterms whi
h 
an be redu
ed toa single variable.
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K-maps in Three Variables Rules 5/5
~x

x

yz (~y)(~z) (~y)zy(~z)

(x ∧ y ∧ z) ∨ (x ∧ y ∧ (∼ z))∨

(x ∧ (∼ y) ∧ (∼ z)) ∨ (x ∧ (∼ y) ∧ z)∨

((∼ x) ∧ y ∧ z) ∨ ((∼ x) ∧ y ∧ (∼ z))∨

((∼ x) ∧ (∼ y) ∧ (∼ z)) ∨ ((∼ x) ∧ (∼ y) ∧ z) ≡ t

A 4×2-blo
k of 
ells represents 8 minterms whi
h 
an be redu
ed toa tautology .
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K-maps: Language, and GoalA blo
k of 1s is 
alled an impli
ant of the expression being minimized.It is a prime impli
ant if it is not 
ontained in a larger blo
k.The goal is to identify the largest possible blo
ks in the map, and
over all the 1s in the map by the fewest number of blo
ks.In general, the largest blo
ks are 
hosen; sin
e they give the mostsimpli�
ation.A blo
k, whi
h is the only one to 
over a parti
ular 1, is 
alled aessential prime impli
ant, and must be 
hosen.By 
overing all blo
ks with prime impli
ants, we 
an massage theexpression into an ∨ -
onne
ted set of prime impli
ants.
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Example #1 1 of 2Minimize

(x ∧ y ∧ z) ∨ (x ∧ y ∧ (∼ z)) ∨

(x ∧ (∼ y) ∧ (∼ z)) ∨ (x ∧ (∼ y) ∧ z) ∨

((∼ x) ∧ y ∧ z) ∨ ((∼ x) ∧ (∼ y) ∧ (∼ z)) ∨

((∼ x) ∧ (∼ y) ∧ z) ≡ ???

First, we �ll in the K-map:

~x

x

yz (~y)(~z) (~y)zy(~z)
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Example #1 2 of 2We 
an break the K-map into three blo
ks
~x

x

yz (~y)(~z) (~y)zy(~z)

~x

x

yz (~y)(~z) (~y)zy(~z)

~x

x

yz (~y)(~z) (~y)zy(~z)

x (∼ y) z

whi
h shows that the expression is equivalent to
x ∨ (∼ y) ∨ z
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Example #2 1 of 2Minimize

(x ∧ y ∧ (∼ z)) ∨ (x ∧ (∼ y) ∧ (∼ z)) ∨

((∼ x) ∧ (∼ y) ∧ (∼ z)) ∨ ((∼ x) ∧ (∼ y) ∧ z) ≡ ???

First, we �ll in the K-map:

~x

x

yz (~y)(~z) (~y)zy(~z)

Logic — Minimization of Expressions: Karnaugh-maps and the Quine-McCluskey Method – p. 15/33

Example #2 2 of 2We 
an break the K-map into two blo
ks

~x

x

yz (~y)(~z) (~y)zy(~z)

~x

x

yz (~y)(~z) (~y)zy(~z)

x ∧ (∼ z) (∼ x) ∧ (∼ y)

whi
h shows that the expression is equivalent to

(x ∧ (∼ z)) ∨ ((∼ x) ∧ (∼ y))
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K-maps in Four Variables Rules 1/5

yz (~y)(~z) (~y)zy(~z)

w(~x)

wx

(~w)x

(~w)(~x)

(w ∧ (∼ x) ∧ y ∧ z) ∨ (w ∧ (∼ x) ∧ (∼ y) ∧ z)

≡ w ∧ (∼ x) ∧ z

A 2×1-blo
k of 
ells represents 2 minterms whi
h 
an be redu
ed toa 3-variable expression.

Logic — Minimization of Expressions: Karnaugh-maps and the Quine-McCluskey Method – p. 17/33

K-maps in Four Variables Rules 2/5Note: The top and bottom of the square are 
onsidered adja
ent,and so are the left and right; topologi
ally it is a torus (donut)

Figure: The folding of a 4×4, and a 8×8 square into a torus.
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K-maps in Four Variables Rules 3/5

yz (~y)(~z) (~y)zy(~z)

w(~x)

wx

(~w)x

(~w)(~x)

((∼ w) ∧ (∼ x) ∧ y ∧ z) ∨ ((∼ w) ∧ (∼ x) ∧ y ∧ (∼ z)) ∨

((∼ w) ∧ (∼ x) ∧ (∼ y) ∧ (∼ z)) ∨ ((∼ w) ∧ (∼ x) ∧ (∼ y) ∧ z)

≡ (∼ w) ∧ (∼ x)A 4×1-blo
k of 
ells represents 4 minterms whi
h 
an be redu
ed toa 2-variable expression.
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K-maps in Four Variables Rules 4/5

yz (~y)(~z) (~y)zy(~z)

w(~x)

wx

(~w)x

(~w)(~x)

(w ∧ x ∧ y ∧ z) ∨ (w ∧ x ∧ (∼ y) ∧ z) ∨

((∼ w) ∧ x ∧ y ∧ z) ∨ ((∼ w) ∧ x ∧ (∼ y) ∧ z)

≡ x ∧ zA 2×2-blo
k of 
ells represents 4 minterms whi
h 
an be redu
ed toa 2-variable expression.
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K-maps in Four Variables Rules 5/5

yz (~y)(~z) (~y)zy(~z)

w(~x)

wx

(~w)x

(~w)(~x)

(w ∧ x ∧ y ∧ (∼ z)) ∨ (w ∧ x ∧ (∼ y) ∧ (∼ z)) ∨

(w ∧ (∼ x) ∧ y ∧ (∼ z)) ∨ (w ∧ (∼ x) ∧ (∼ y) ∧ (∼ z)) ∨

((∼ w) ∧ (∼ x) ∧ y ∧ (∼ z)) ∨ ((∼ w) ∧ (∼ x) ∧ (∼ y) ∧ (∼ z)) ∨

((∼ w) ∧ x ∧ y ∧ (∼ z)) ∨ ((∼ w) ∧ x ∧ (∼ y) ∧ (∼ z))

≡ (∼ z)A 2×4-blo
k of 
ells represents 8 minterms whi
h 
an be redu
ed toa 1-variable expression.
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Example #3 1 of 2Minimize

(w ∧ x ∧ (∼ y) ∧ (∼ z)) ∨ (w ∧ (∼ x) ∧ y ∧ z) ∨

(w ∧ (∼ x) ∧ y ∧ (∼ z)) ∨ (w ∧ (∼ x) ∧ (∼ y) ∧ (∼ z)) ∨

((∼ w) ∧ x ∧ (∼ y) ∧ (∼ z)) ∨ ((∼ w) ∧ (∼ x) ∧ y ∧ (∼ z)) ∨

((∼ w) ∧ (∼ x) ∧ (∼ y) ∧ (∼ z)) ≡ ???

We �ll in the K-map:

yz (~y)(~z) (~y)zy(~z)

w(~x)

wx

(~w)x

(~w)(~x)
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Example #3 2 of 2We 
an break the K-map into three blo
ks

yz (~y)(~z) (~y)zy(~z)

w(~x)

wx

(~w)x

(~w)(~x)

yz (~y)(~z) (~y)zy(~z)

w(~x)

wx

(~w)x

(~w)(~x)

yz (~y)(~z) (~y)zy(~z)

w(~x)

wx

(~w)x

(~w)(~x)

w ∧ (∼ x) ∧ y (∼ x) ∧ (∼ z) (∼ y) ∧ (∼ z)

whi
h shows that the expression is equivalent to
(w ∧ (∼ x) ∧ y) ∨ ((∼ x) ∧ (∼ z)) ∨ ((∼ y) ∧ (∼ z))
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K-maps with Even More VariablesEa
h additional variable doubles either the number of 
olumns, or thenumber of rows (alternating) in the asso
iated K-map.Clearly, as the number of variables grows this pro
edure be
omes more
ompli
ated, and it gets more di�
ult to see what the best splittingof the K-map is.Note: In most 
ases, there are more than one �minimal� expression,i.e. the �blo
king step� is non-unique.Note: The use of K-maps relies manual visual inspe
tion. Thisapproa
h is di�
ult to automate.

As the use of K-maps gets 
umbersome for large (> 4) number ofvariables, we now look at a method whi
h 
an be automated � theQuine-M
Cluskey Method.
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The Quine-M
Cluskey MethodThe Quine-M
Cluskey method is an automatable two-stage s
hemefor minimizing an expression.

⇒ In the �rst stage we �gure out what terms 
an be 
ombined toform terms with fewer variables.

⇒ In the se
ond stage we �gure out whi
h of the fewer-variable-terms are needed to �
over� the expression.

A 
ouple of examples will shed some light on the issue...
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Quine-M
Cluskey Example #1 1 of 4Minimize

(x ∧ y ∧ z) ∨ (x ∧ (∼ y) ∧ z) ∨ ((∼ x) ∧ y ∧ z) ∨

((∼ x) ∧ (∼ y) ∧ z) ∨ ((∼ x) ∧ (∼ y) ∧ (∼ z)) ≡ ???For notational 
onvenien
e, we �
ode� the expressions using binarynotation (1s for the variables, and 0s for not'ed variables,) here:

Expression Binary Code
(x ∧ y ∧ z) 111
(x ∧ (∼ y) ∧ z) 101

((∼ x) ∧ y ∧ z) 011

((∼ x) ∧ (∼ y) ∧ z) 001

((∼ x) ∧ (∼ y) ∧ (∼ z)) 000
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Quine-M
Cluskey Example #2 2 of 4The Hamming distan
e between two binary expressions, is the num-ber of di�ering bits. In our 
ase, 
odes with Hamming distan
e 1
orrespond to logi
 expressions whi
h 
an be simpli�ed.We build a table in the following way:# Code Combo Code#2 Combo Code#3(1)1 111 (1,2)2 1*1 (1,2,3,4) **1(2)1 101 (1,3)2 *11(3)1 011 (2,4)2 *01(4)1 001 (3,4)2 0*1(5)1 000 (4,5) 00*(1,2,3,4) 
an be formed in two ways: (1,2)+(3,4), and (1,3)+(2,4).The result is the same, therefore we 
onsider (1,2), (1,3), (2,4), and(3,4) used in the se
ond step.
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Quine-M
Cluskey Example #2 3 of 4At this point, not more 
ombinations 
an be made; we set up a tablewith 
olumns for all the initial (n) 
ombinations, and one row for ea
hterminal (�unused�) 
ombination, and mark the 
ommon elements:(1) (2) (3) (4) (5)(1,2,3,4) √ √ √ √(4,5) √ √

Next, we sele
t the smallest number of 
ombinations whi
h 
over allthe initial singlets; in this 
ase we need both (1,2,3,4) and (4,5).We have Tag Binary Logi
al(1,2,3,4) **1 z(4,5) 00* (∼ x) ∧ (∼ y)
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Quine-M
Cluskey Example #1 4 of 4Therefore, we have

(x ∧ y ∧ z) ∨ (x ∧ (∼ y) ∧ z) ∨ ((∼ x) ∧ y ∧ z) ∨

((∼ x) ∧ (∼ y) ∧ z) ∨ ((∼ x) ∧ (∼ y) ∧ (∼ z)) ≡ z ∨ ((∼ x) ∧ (∼ y))

Comment: In this 
ase, the minimal expression is unique; that isnot true in general � there may be several (equivalent)minimal expressions.
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Quine-M
Cluskey Example #2 1 of 3Minimize

(w ∧ x ∧ y ∧ (∼ z)) ∨ (w ∧ (∼ x) ∧ y ∧ z) ∨

((∼ w) ∧ x ∧ y ∧ z) ∨ (w ∧ (∼ x) ∧ y ∧ (∼ z)) ∨

((∼ w) ∧ x ∧ (∼ y) ∧ z) ∨ ((∼ w) ∧ (∼ x) ∧ y ∧ z) ∨

((∼ w) ∧ (∼ x) ∧ (∼ y) ∧ z) ≡ ???Expression Binary Code
(w ∧ x ∧ y ∧ (∼ z)) 1110
(w ∧ (∼ x) ∧ y ∧ z) 1011
((∼ w) ∧ x ∧ y ∧ z) 0111

(w ∧ (∼ x) ∧ y ∧ (∼ z)) 1010

((∼ w) ∧ x ∧ (∼ y) ∧ z) 0101

((∼ w) ∧ (∼ x) ∧ y ∧ z) 0011

((∼ w) ∧ (∼ x) ∧ (∼ y) ∧ z) 0001
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Quine-M
Cluskey Example #2 2 of 3Singlet Code Pair Code Quad Code(1)× 1110 (1,4) 1*10 (3,5,6,7) 0**1(2)× 1011 (2,4) 101*(3)× 0111 (2,6) *011(4)× 1010 (3,5)× 01*1(5)× 0101 (3,6)× 0*11(6)× 0011 (5,7)× 0*01(7)× 0001 (6,7)× 00*1(1) (2) (3) (4) (5) (6) (7)(3,5,6,7) x x x x(1,4) x x(2,4) x x(2,6) x x
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Quine-M
Cluskey Example #2 3 of 3(1) (2) (3) (4) (5) (6) (7)0**1 x x x x1*10 x x101* x x*011 x xThe top two expressions are needed � to 
over (3) and (1). Additionallyone of the two bottom ones are needed. Therefore,

1. ((∼ w) ∧ z) ∨ (w ∧ y ∧ (∼ z)) ∨ (w ∧ (∼ x) ∧ y)

2. ((∼ w) ∧ z) ∨ (w ∧ y ∧ (∼ z)) ∨ ((∼ x) ∧ y ∧ z)are two possible minimal expressions equivalent to the initial one.
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Homework Homework #3 � Due Friday 9/29/2006 Final VersionUse both K-maps and the Quine-M
Cluskey method to minimize thefollowing two expressions:

1. (x ∧ (∼ y) ∧ z) ∨ (x ∧ (∼ y) ∧ (∼ z)) ∨

((∼ x) ∧ y ∧ z) ∨ ((∼ x) ∧ (∼ y) ∧ z) ∨

((∼ x) ∧ (∼ y) ∧ (∼ z)) ≡ ???

2. (w ∧ x ∧ y ∧ (∼ z)) ∨ (w ∧ x ∧ (∼ y) ∧ (∼ z)) ∨

(w ∧ (∼ x) ∧ y ∧ z)) ∨ (w ∧ (∼ x) ∧ y ∧ (∼ z))) ∨

(w ∧ (∼ x) ∧ (∼ y) ∧ (∼ z))) ∨ ((∼ w) ∧ x ∧ y ∧ z)) ∨

((∼ w) ∧ x ∧ y ∧ (∼ z))) ∨ ((∼ w) ∧ x ∧ (∼ y) ∧ (∼ z))) ∨

((∼ w) ∧ x ∧ (∼ y) ∧ z)) ∨ ((∼ w) ∧ (∼ x) ∧ y ∧ (∼ z))) ∨

((∼ w) ∧ (∼ x) ∧ (∼ y) ∧ (∼ z))) ≡ ???
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