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Previously:� Logial Form and Equivalene 1 of 2Statements: Sentenes that are either TRUE or FALSE, but notboth.Logial symbols: ∼ not

∧ and

∨ orStatement form: An expression made up of statement variablesand symbols that beomes a statement whenatual statements are substituted for the state-ment variables.
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Previously:� Logial Form and Equivalene 2 of 2Truth table: A table showing all possible truth-value ombinationsof the statement variables (p, q, r, . . .), as wellas the orresponding truth values for a simple, orompound, statement of interest. (In the ase ofa ompound statement, we also tend to inludeolumns for intermediate statements.)Logial equivalene: Two logial expressions with the same truthvalues (olumns in a truth table), are said tobe logially equivalent (i.e. two di�erentways of expressing the �same thing.�)Tautology: A logial expression that is always true (for all �input�logial variables.) E.g. p ∨ (∼ p).Contradition: A logial expression that is always false (for all�input� logial variables.) E.g. p ∧ (∼ p).
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Conditional Statements if�then / →A logial inferene or dedution is made from a hypothesis to aonlusion.
Let p and q be statements. A sentene of the form �if p then q� isdenoted by

p → q

p is the hypothesis, and q the onlusion.
→ is a logial onnetive, and like ∧ , ∼ and ∨ it an be used tojoin statements to reate new statements.

To de�ne p → q as a statement, we must speify the truth values for

p → q just as we did for p ∧ q (and friends).
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If-Then (→) Truth TableThe formal de�nition of truth values for → is based on its everydayintuitive meaning.The promise �If you show up for lass on Tuesday, then you willget an A in this lass� is false only if you do show up for lass onTuesday, and do not get an A in this lass. In all other ases it istrue (the promise is not broken.)Hene the truth table looks like:
p q p → qT T TT F FF T TF F T
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Example: Truth Table for p ∨ (∼ q) → (∼ p)Reall:
De�nition: Conditional �If p and q are statement variables, the onditional of q by p is �if

p then q� or �p implies q� and is denoted p → q. It is false when
p is true and q is false; otherwise it is true.

p q ∼ p ∼ q p ∨ (∼ q) p ∨ (∼ q) → (∼ p)T T F F T FT F F T T FF T T F F TF F T T T T

The Logic of Compound Statements: Conditional Statements; Valid and Invalid Arguments – p. 6/60



�Vauously True� / �True By Default�

A onditional statement (p → q) that is true by virtue of the fatthat the hypothesis (p) is false is often alled vauously true ortrue by default.

The statement �If you show up for work on Tuesday morning, then youwill get the job� is vauously true if you do not show up for work onTuesday morning. (In this ase there is no promise, hene it annotbe broken.)
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Logial Equivalenes Involving →Example: Showing that (p ∨ q) → r ≡ (p → r) ∧ (q → r)

p q r (p ∨ q) p → r q → r (p ∨ q) → r (p → r) ∧ (q → r)T T T T T T T TT T F T F F F FT F T T T T T TT F F T F T F FF T T T T T T TF T F T T F F FF F T F T T T TF F F F T T T TSine the last two olumns math, we have shown that

(p ∨ q) → r ≡ (p → r) ∧ (q → r).
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Negation of a Conditional StatementThe negation of �if p then q� is logially equivalent to �p and not q�

Proof:

p q p → q ∼ q ∼ (p → q) p∧ ∼ qT T T F F FT F F T T TF T T F F FF F T T F F

Example: (Note that we use ∼ (∼ q) ≡ q)

≡ ∼ �If my ar is in the shop, then I annot get to lass.�

≡ �My ar is in the repair shop, and I an get to lass.�
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The Contrapositive of a Conditional Statement

De�nition: Contrapositive �The ontrapositive of a onditional statement of the form �if pthen q� is, �If (∼ q) then (∼ p)�Symbolially, the ontrapositive of (p → q) is ((∼ q) → (∼ p)).

You will be asked (see homework) to show that A onditional state-ment is logially equivalent to its ontrapositive, i.e.

(p → q) ≡ ((∼ q) → (∼ p))
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Examples: Writing the Contrapositive(#1) The ontrapositive of:�If Howard an swim aross the lake, then Howard an swimto the island.�is�If Howard annot swim to the island, then Howard annot swimaross the lake.�
(#2) The ontrapositive of:�If today is Easter, then tomorrow is Monday.�is�If tomorrow is not Monday, then today is not Easter.�
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The Contrapositive is an Important Tool

We will see the ontrapositive form later on in this lass:

The logial equivalene of a onditional statement and its ontrapos-itive is the basis for one of the laws of dedution (modus tollens),and for the ontrapositive method of proof.
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The Inverse and Converse of a Conditional Statement

De�nition: Converse and Inverse �Suppose a onditional statement of the form �if p then q is given.(#1) The onverse is �if q then p�(#2) The inverse is �if (∼ p) then (∼ q)�Symbolially, The onverse of (p → q) is (q → p)The inverse of (p → q) is ((∼ p) → (∼ q))

Note: The inverse and onverse are not logially equivalent to thestatement; they are, however, logially equivalent to eahother, sine the inverse is the ontrapositive of the onverse.

Midterm alert!
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�Only if�To say �p only if q� means that p an take plae only if q takes plaealso. That is, if q does not take plae, then p annot take plae.

By the logial equivalene of the ontrapositive, we an also say thatif p ours, then q must also our.

De�nition: Only If �If p and q are statements,
p only if q means �if not q then not p�or equivalently, �if p then q.�

The Logic of Compound Statements: Conditional Statements; Valid and Invalid Arguments – p. 14/60



�If, and only if� � The Bi-onditional

De�nition: If, and Only If �Given the statement variables p and q, the bi-onditional of pand q is �p if, and only if, q� and is denoted (p ↔ q). It istrue if both p and q have the same truth values, and is false if pand q have opposite truth values. The words if and only if aresometimes abbreviated i� .
p q p ↔ qT T TT F FF T FF F T
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Order of Operations

In order of operations ↔ is o-equal with →, and we have thefollowing preedene for our �ve logial onnetives

highest 1 ∼

↓ 2 ∧ , ∨lowest 3 →, ↔Order of operations
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�if�, �only if� and �if, and only if�Aording to the de�nitions of �if� and �only if�, saying �p if, andonly if q� should mean the same as saying �p if q� and �p only if q.�That is indeed the ase... again we look at the truth table.
p only if q p if q p i� q (p only if q) and (p if q)

p q (p → q) (q → p) (p ↔ q) (p → q) ∧ (q → p)T T T T T TT F F T F FF T T F F FF F T T T T

Sine the last two olumns are equal, the statement forms are equiv-alent, i.e. (p ↔ q) ≡ (p → q) ∧ (q → p).
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Neessary and Su�ient ConditionsThe phrases neessary ondition and su�ient ondition, as usedin formal English orrespond exatly to their de�nitions in logi:

De�nition: Su�ient and Neessary Conditions �If r and s are statements:

r is a su�ient ondition for s means �if r then s�
r is a neessary ondition for s means �if not r then not s�

Note that due to the equivalene between a statement and its ontra-positive:

r is a neessary ondition for s also means �if s then r�
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Solved Problems Epp-1.2.28, 1 of 2

Epp-1.2.28: �Do you mean that you think you an �nd out theanswer to it� said the Marh Hare.�Exatly so,� said Alie.�Then you should say what you mean,� the Marh Hare wenton. �I do,� Alie hastily replied; �at least � at least I mean what Isay � that's the same thing you know.��Not the same thing a bit!� said the Hatter. �Why, you mightjust as well say that �I see what I eat� is the same thing as �I eatwhat I see!� �from �A Mad Tea Party� in Alie in Wonderland, byLewis Carroll.
That Hatter is right. �I say what I mean� is not the same thing as �Imean what I say.� Rewrite in if�then form, and explain the di�erene.
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Solved Problems Epp-1.2.28, 2 of 2The if�then form of �I say what I mean� is

�If I mean something, then I say it.�
(mean) → (say)

The if�then form of �I mean what I say� is

�If I say something, then I mean it.�

(say) → (mean)

The two statements are the onverse of eah other, and are notlogially equivalent. Corresponds to Epp-v2.0-1.2.24
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Homework #1 � Due 9/15/2006, 12:00pm, GMCS-587
Epp-1.2: 13, 24, 25, 26, 27

Epp-1.1: 3, 14, 16, 21, 25, 29, 31, 37, 41

Extra Brain-Twister (for fun): Epp-1.1.54
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Arguments � IntrodutionWe are now going to use our new tools / language � logi statements,onnetives, onditionals... to generate arguments.In mathematis / logi an argument is not a dispute, rather...

De�nition: Argument �An argument is a sequene of statements. All statements but the�nal one are alled premises (or assumptions or hypotheses).The �nal statement is alled the onlusion. The symbol �∴�,read �therefore,� is normally plaed just before the onlusion.

We will be onerned with determining whether an argument is valid ,that is, to determine whether the onlusion follows neessarily fromthe preeding statements.
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Abstrating the Content from the ArgumentsWe have already seen (Leture Notes #2) that we an separate theontent from the argument, reall:

Statement A:If Jane is a math major or Jane is a CS major,then Jane will take Math 245.Jane is a CS major.Therefore, Jane will take Math 245.

Abstrat logial form With our new symbolIf p or q, then r. ∴If p or q, then r.q. ∴q.Therefore, r ∴ r
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Valid ArgumentsWhen we onsider the abstrat form of an argument, e.g.
∴If p or q, then r.
∴q.

∴ rwe think of p, q, and r as variables for whih statements may besubstituted.De�nition: Valid Argument Form �To say that an argument form is valid means that no matterwhat partiular statements are substituted for the statement vari-ables in its premises, if the resulting premises are all true, then theonlusion is also true.To say that an argument is valid means that its form isvalid.
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Valid Arguments

The truth of the onlusion of a valid argument follows neessarilyor inesapably or by logi alone from the truth of its premises.

It is impossible to have a valid argument with true premises and afalse onlusion.
When an argument is valid and its premises are true, the truth of theonlusion is said to be inferred or dedued from the truth of thepremises.
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Testing for ValidityTo test an argument form for validity:

(1) Identify the premises and onlusion of the argument.
(2) Construt a truth table showing the truth values of all thepremises and the onlusion.
(3) Find the ritial rows in whih all the premises are true.

(4) In eah ritial row, determine whether the onlusion of theargument is also true.
(4) (a) If in eah ritial row the onlusion is also true, thenthe argument form is valid.

(4) (b) If there is at least one ritial row in whih the onlu-sion is false, the argument form is invalid.
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Example Time!!! A Valid Argument FormShow that the following argument form is valid:

p ∨ (q ∨ r)

∼ r

∴ (p ∨ q)

variables premises onlusion

p q r (q ∨ r) p ∨ (q ∨ r) ∼ r (p ∨ q)T T T T T F �T T F T T T TT F T T T F �T F F F T T TF T T T T F �F T F T T T TF F T T T F �F F F F F T �
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Example Time!!! An Invalid Argument FormShow that the following argument form is invalid:

p → q ∨ ∼ r

q → p ∧ r

∴ p → rvariables premises onlusion

p q r ∼ r q ∨ ∼ r p ∧ r p → q ∨ ∼ r q → p ∧ r p → rT T T F T T T T TT T F T T F T F �T F T F F T F T �T F F T T F T T FF T T F T F T F �F T F T T F T F �F F T F F F T T TF F F T T F T T T
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Modus Ponens � The Method of A�rmingIf we have an argument of the form:

∴If p, then q.

∴p.

∴ q

The fat that this argument forms is valid is alled modus ponens(from Latin).
premises onlusion

p q p → q p qT T T T TT F F T �F T T F �F F T F �
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Modus Tollens � The Method of DenyingIf we have an argument of the form:

∴If p, then q.

∴∼ q.

∴ ∼ p

≡ontrapositive ∴If ∼ q, then ∼ p.
∴∼ q.
∴ ∼ p

The fat that this argument forms is valid is alled modus tollens(from Latin).
premises onlusion

p q p → q ∼ q ∼ pT T T F �T F F T �F T T F �F F T T T
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Disjuntive Addition GeneralizationDisjuntive addition is used for making generalizations:
p

∴ (p ∨ q)

q

∴ (p ∨ q)

premises onlusion

p q p p ∨ qT T T TT F T TF T F �F F F �

premises onlusion

p q q p ∨ qT T T TT F F �F T T TF F F �Example: Students (p) and [logial or℄ Seniors (q) get a disountat store X. You are a student (p), therefore ((p ∨ q)) you get adisount.
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Conjuntive Simpli�ation SpeializationConjuntive simpli�ation is used for partiularizing:
p ∧ q

∴ p

p ∧ q

∴ q

premises onlusion

p q p ∧ q pT T T TT F F �F T F �F F F �

premises onlusion

p q p ∧ q qT T T TT F F �F T F �F F F �Example: You are tired of logi and Peter. Therefore (in partiular)you are tired of logi.
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Disjuntive Syllogism EliminationDisjuntive Syllogisms are used to rule out possibilities:
(p ∨ q)

∼ q

∴ p

(p ∨ q)

∼ p

∴ q

premises onlusion
p q p ∨ q ∼ q pT T T F �T F T T TF T T F �F F F T �

premises onlusion

p q p ∨ q ∼ p qT T T F �T F T F �F T T T TF F F T �Example: You are tired of logi or sur�ng. You are not tired ofsur�ng. Therefore you are tired of logi.
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Hypothetial Syllogism TransitivityHypothetial Syllogisms are used to build hains of impliation:
p → q

q → r

∴ p → r

premises onlusion
p q r p → q q → r p → rT T T T T TT T F T F �T F T F � �T F F F � �F T T T T TF T F T F �F F T T T TF F F T T T
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Hypothetial Syllogism � Example

“If it is sunny, the sky is blue”

“If the sky is blue, we’ll go surfing”

Therefore, “If it is sunny, we’ll go surfing”

(sunny) → (sky blue)

(sky blue) → (surfing)

∴ (sunny) → (surfing)
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Where are the glasses? � A Complex Dedution 1 of 2The following statements are true:

a. If my glasses are on the kithen table

︸ ︷︷ ︸

p

,then I saw my glasses at breakfast

︸ ︷︷ ︸

q

. (p → q)

b. I was reading the newspaper in the living room
︸ ︷︷ ︸

r
,or I was reading the newspaper in the kithen

︸ ︷︷ ︸

s

. (r ∨ s)

c. If r then my glasses are on the o�ee table
︸ ︷︷ ︸

t

. (r → t)

d. I did not see my glasses at breakfast. (∼ q)

e. If I was reading my book in bed
︸ ︷︷ ︸

u

,then my glasses are on the bed table
︸ ︷︷ ︸

v

. (u → v)

f. If s, then p. (s → p)
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Where are the glasses? � A Complex Dedution 2 of 2We have the following:

a. (p → q) b. (r ∨ s) c. (r → t)

d. (∼ q) e. (u → v) f. (s → p)We make the following dedutions:
1. By a and d, we dedue (∼ p), by modus tollens.
2. By f and 1, we dedue (∼ s), by modus tollens.

3. By b and 2, we dedue (r), by disjuntive syllogism.

4. By c and 3, we dedue (t), by modus ponens.

Hene, the glasses are on the o�ee table.
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Fallaies � Broken LogiA fallay is an error in reasoning resulting in an invalid statement.

Three ommon mistakes:(1) Using vague or ambiguous premises.(2) Assuming what is to be proved.(3) Jumping to onlusions without adequate grounds.

In the next few slides we'll explore two other fallaies:(4) Converse Error(5) Inverse Error

Whih give rise to arguments whih resemble modus ponens andmodus tollens, but are invalid.
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Cheking for FallaiesThere are two ways...

(1) Construt the truth table, and demonstrate that there is atleast one ritial row in whih the premises are true, but theonlusion false.(2) Find an argument of the same form (logial equivalene) withtrue premises and a false onlusion. (Counter-example)
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Converse Error
If Peter is a heater, then Peter will sit in the bak row.Peter sits in the bak row.Therefore Peter is a heater.

It is quite possible that Peter is not a heater, but is sitting in thebak row!
You will be asked (homework) to onstrut the truth table, showingthat this type of argument is invalid.
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Inverse Error
If Peter is a heater, then Peter will sit in the bak row.Peter is not a heater.Therefore Peter does not sit in the bak row.

It is quite possible that Peter is not a heater, even though he issitting in the bak row!

You will be asked (homework) to onstrut the truth table, showingthat this type of argument is invalid.
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Homework #1 � Due 9/15/2006, 12:00pm, GMCS-587

Epp-1.3: 13, 21, 39

Epp-1.3: Read examples 1.3.15, 1.3.16

Epp-1.2: 13, 24, 25, 26, 27

Epp-1.1: 3, 14, 16, 21, 25, 29, 31, 37, 41

Extra Brain-Twister (for fun): Epp-1.1.54

The Logic of Compound Statements: Conditional Statements; Valid and Invalid Arguments – p. 42/60



Appliation of Logi � Digital Ciruits IntrodutionA lot of the theory of symboli logi we have seen so far wasdeveloped by Augustus De Morgan (1806�1871) and George Boole(1815�1864), in the 19th entury.

One of the �leanest� appliation of logi �in the wild� is to onstru-tion of digital logi iruits.

In essene, a proessor hip is nothing but a huge olletion of AND-,OR-, and NOT-swithes.

Claude Shannon (1916�2001) made the onnetion between swithedsystems and logi, and used formal logi to solve iruit design prob-lems. His master's thesis A Symboli Analysis of Relay and SwithingCiruits was published in 1938.
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Appliation of Logi � Digital Ciruits IntrodutionClaude Shannon's dotoral thesis was on theoretial genetis.His paper A Mathematial Theory of Communiation (1948)founded the subjet of information theory. � The idea that oneould transmit pitures, words, sounds et. by sending a stream of1's and 0's down a wire, was fundamentally new.

In 1956, William Bradford Shokley (1910�1989), John Bardeen(1908�1991), and Walter Houser Brattain (1902�1987) reeived theNobel Prize in Physis �for their researhes on semiondutorsand their disovery of the transistor e�et.�

� The transistor is the small semiondutor devie whih makesmodern omputers possible.
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The TransistorWe'll take a quik look at how to build logi iruits, using thetransistor as a building blok... First, let's look at the transistor:�A bipolar juntion transistoronsists of three regions ofdoped semiondutors. A smallurrent in the enter or baseregion an be used to ontrol alarger urrent �owing betweenthe end regions (emitter andolletor). The devie anbe haraterized as a urrentampli�er, having many appli-ations for ampli�ation andswithing.�Note: Figures and text �borrowed� fromNote: http://hyperphysics.phy-astr.gsu.edu/.
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The Transistor AND Gate A ∧ B�The use of transistors for the on-strution of logi gates depends upontheir utility as fast swithes. Whenthe base-emitter diode is turned onenough to be driven into saturation,the olletor voltage with respet toground may be less than a volt andan be used as a logi 0 in the TTLlogi family.�

Here, if we onnet a true value (�1�, or +6V) to both A and B,then both transistors open, and the out value is �1.� Otherwise thereis no onnetion to +6V from the out, hene the value is false(�0�, or 0V).
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The Transistor OR Gate A ∨ B�The use of transistors for the on-strution of logi gates depends upontheir utility as fast swithes. Whenthe base-emitter diode is turned onenough to be driven into saturation,the olletor voltage with respet toground may be less than a volt andan be used as a logi 0 in the TTLlogi family.�

Here, if we onnet a true value (�1�, or +6V) to at least one of Aand B, then there is a path from out to +6V, and the output value if

true. Otherwise there is no onnetion to +6V from the out, henethe value is false (�0�, or 0V).
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The Transistor NAND Gate ∼ (A ∧ B)�The use of transistors for the on-strution of logi gates depends upontheir utility as fast swithes. Whenthe base-emitter diode is turned onenough to be driven into saturation,the olletor voltage with respet toground may be less than a volt andan be used as a logi 0 in the TTLlogi family.�

Here, if we onnet a true value (�1�, or +6V) to both A and B,then both transistors open, and the out value is �0.� Otherwise thereis no onnetion to 0V from the out, hene the value is true (�1�,or +6V).
The Logic of Compound Statements: Conditional Statements; Valid and Invalid Arguments – p. 48/60



The Transistor NOR Gate ∼ (A ∨ B)�The use of transistors for the on-strution of logi gates depends upontheir utility as fast swithes. Whenthe base-emitter diode is turned onenough to be driven into saturation,the olletor voltage with respet toground may be less than a volt andan be used as a logi 0 in the TTLlogi family.�

Here, if we onnet a true value (�1�, or +6V) to at least one ofA and B, then there is a path from to to 0V, and the out value if

false. Otherwise there is no onnetion to 0V from the out, henethe value is true (�1�, or +6V).

The Logic of Compound Statements: Conditional Statements; Valid and Invalid Arguments – p. 49/60



Standard Ciruit Symbols

OR

AND

XOR

NOT

NAND

NOR

To the left we see the standard iruit symbols forommon logial onnetives.

Note that we an build the missing ones (XOR andNOT) from the ones we already have (OR, AND,NAND, NOR).
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Building a NOT iruit...

By onneting the input (P) to both in-ports on the NAND-gate weget an inverter (NOT-gate).
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Building an XOR iruit...( P OR Q ) AND NOT ( P AND Q )
OR

NAND

AND
OUT

Q

P

p q p∨ q p∧ q ∼ (p∧ q) (p∨ q)∧∼ (p∧ q)T T T T F FT F T F T TF T T F T TF F F F T F
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Finding the Logi (Boolean) Expression for a Ciruit

In order the �nd the expression for a iruit, for eah gate simply applythe appropriate operation to the inputs.
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The Input/Output Table for a CiruitThe Input/Output table for a iruit is a table (muh like the truthtable) whih shows the output value of the iruit, for all possibleombinations of inputs.

Two iruits are equivalent if, and only if, their input/output tablesare idential.
Example of two equivalent circuits.
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Showing that Two Ciruits are Equivalent
Example of two equivalent circuits.We an either onstrut the input/output tables for the iruits andhek that the tables are idential; or we an use our knowledge ofsymboli logi.For the iruit above:

((P∧ ∼ Q) ∨ (P ∧ Q)) ∧ Q ≡ distributive law

(P ∧ (∼ Q ∨ Q)) ∧ Q ≡ negation law

(P ∧ t) ∧ Q ≡ P ∧ Q identity law
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Adding Bits with Ciruits
The half-adder.

When adding binary bits, we have the following (in base-2)

1 + 1 = 10
1 + 0 = 01
0 + 1 = 01
0 + 0 = 00
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Adding More Bits with Ciruits The Full-Adder
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Homework #1 � Due 9/15/2006, 12:00pm, GMCS-587

Read setions 1.4 and 1.5 for bakground and entertainment value.

(Epp-1.4.26, Epp-1.4.28 � Suggested, but not due.)

Epp-1.3: 13, 21, 39

Epp-1.3: Read examples 1.3.15, 1.3.16

Epp-1.2: 13, 24, 25, 26, 27

Epp-1.1: 3, 14, 16, 21, 25, 29, 31, 37, 41

Extra Brain-Twister (for fun): Epp-1.1.54
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Ditionary: From www.webster.omonjuntion, n., a omplex sentene in logi true if and only ifeah of its omponents is true.disjuntion, n., a ompound sentene in logi formed by joiningtwo simple statements by or .syllogism, n., a dedutive sheme of a formal argument onsistingof a major and a minor premise and a onlusion(as in �every virtue is laudable; kindness is a virtue;therefore kindness is laudable.�)
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Homework: 3rd Edition ↔ 2nd Edition3rd Edition 2nd EditionProblems1.1: 3, 14, 16, 21, 25, 29, 31, 37, 41 1.1: 3, 12, 14, 19, 23, 27, 29, 35, 371.2: 13, 24, 25, 26, 27 1.2: 13, 20, 21, 22, 231.3: 13, 21, 39 1.3: 12, 20, 381.4: 26, 28 1.4: 26, 28Examples1.3.8 1.3.81.3.15, 1.3.16 1.3.14, 1.3.15

Please use the 3rd Edition numbering when handing in your solutions.
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